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The material presented here provides a means for 
synthesis of networks containing uniformly distributed 
RC elements. After transforming the desired transfer 
lsRC function into a function rational in W = e , state-
variable synthesis methods are applied to obtain a model 
containing elements with transfer functions of the form 
1/W. A circuit is then presented for the 1/W block along 
with error analysis and design procedures for use in con-
struction of the model. 
The elements of the synthesis procedures of Wyndrum 
and O'Shea are presented for comparison. Furthermore, 
synthesis of functions rational in W and e = Is is dis-
cussed with circuits provided to realize the l/9 block. 
Examples are presented to illustrate the use of the 
material in lumped-distributed synthesis and in simulation 
of the solutions to partial differential equations of the 
parabolic class. 
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I. INTRODUCTION 
The construction of distributed RC elements has become 
physically reasonable with the development of integrated 
circuit technology. These devices have already demonstra-
ted the capability of reducing the number of components in 
a design. Furthermore, because of the relative ease of 
construction, uniformly distributed RC elements are becoming 
particularly important synthesis tools for the network 
theorist. 
Distributed devices are formed by placing a layer of 
dielectric material between layers of resistive and con-
ductive materials such as in Figure 1. The basic model for 
an incremental length ~x of the distributed device is 
given in Figure 2 where s is the Laplace transform variable, 
r is the per unit resistance, and c is the per unit capa-
citance. For uniformly distributed RC elements r and c 
are constants. If the transfer matrices for the series 
resistor 
and the shunt capacitor 
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are multiplied together then the transfer matrix for the 
cascaded combination is obtained 
[
v(x+llx,s)l [1 r.6xl [ 1 0] [v(x,s)l 
i(x+6x,s) = 0 1 J sc6x 1 i(x,s) 
Then the scalar incremental equations 
v(x+llx,s) = (l+rcst.x2 )v(x,s) + r.6x i(x,s) 
i(x+.6x,s) = sc.6x v(x,s) + i(x,s) 
may be manipulated into 
v(x+.6x,s)-v(x,s) = 
.6x rcs.6x v(x,s) + ri(x,s) 
i(x+.6x,s)-i(x,s) = 
.6x sc v(x,s) 
Upon taking the limit as .6x ~ 0 the defining equations for 








[v (x ,s}] fo r] 
i(x,s) = _sc 0 
This equation has the solution 
[v(x,s}] 
i(x,s} 





v ( 0, s )] 
i(O,s) 
Kx But e may be expanded as 




+ e = + 2! 3"! . . . 
K2 x 2 K4x4 K3x3 K5x5 
= (I + 2!+ 4! + ... ) + ( Kx + 3! + 5! + 
also 
K 2 = [0 r] [0 r] = [res 0 J = res I 
se 0 se 0 0 res 
and 
so 
Kx x 2 2 x 4 
e = [I+ res 2 !I + (res) 4! + ... ] 
x 3 2 x 5 
+ [Kx +res 3 ! K +(res) 5 ! K + ... ] 
~ 2 x 2 --- 4 x 4 
== [ ( 1 + ( v res) 2! + (Ires) 4 ! + ••. ) I] 




which may be expressed in closed form as 
Kx 













Finally, for the uniformly distributed Re element of finite 




where R = rd and e = cd. 
Je~ sinh/Res 
cosh/Res 
The transfer matrix may readily be converted to the 
open-circuit impedance and short-circuit admittance 
matrices. 
[Z) =J R se [ coth/Res cschiRes 
cschiRes 1 
coth/Res 





Since the immitance parameters are hyperbolic functions 
of IRCs, a first step in the analysis of a circuit con-
taining uniformly distributed RC elements is often a 
frequency transformation of variables to obtain the para-
meters of the circuit as rational functions of the new 
variable. 
Transformations presently used include O'Shea•s 1 
- 2 ,- 3 P = coshlsRC, Wyndrum's A = tanh vsRC and Rao•s p = 
coth lsRC; however, the synthesis procedures presented 
here are based on the more elementary transformation 4 
w = elsRC. Advantages of this transformation include the 
fact that the W transformation may be used for a much 
broader class of systems than either the P, A or p trans-
formations. This advantage follows from the observation 
that the class of systems with parameters rational in P, 
X or p is a subclass of those systems with parameters 
rational in W since 
and 
p = ~ (W + ~) 
1 A = p 
8 
Moreover, while functions rational in P, A, or pare 
necessarily single-valued in s, certain double-valued 
functions of s (such as the distributed lag element) are 
rational functions of W. 
9 
II. REVIEW OF LITERATURE 
A. A.-Plane Synthesis 
The A.=tanh ITs (where T=RC) transformation of Wyndrum 
can be used to synthesize driving-point impedances of the 
form 
1 z (s) = 
where 
2 ~ 2 2 r.:;:;-:- 2 2 r.:;:;-:- 2 (tanh vTs + w1 ) (tanh vTs + w3 ) .. (tanh vTs+w2n+l ) 
1- 2;- 2 2 - 2 tanh Ts(tanh Ts+w 2 ) ... (tanh 1Ts+w2n 
These driving-point impedances may then be used to 
synthesize various transfer functions. The electrical 
lengths of all the distributed elements are equal; thus, 
by proper frequency scaling T=l may be used. When Z(s} 
is multiplied by IS and tanh IS is replaced by A., Z(A.) 
is obtained as 
Z(A) =IS Z(s} 
2 2 2 2 2 2 (A +w 1 ) (A +w3 ) •• (A +w2n+l ) 
= 2 2 2 2 (A +w2 ) •.. (A +w2n} 
Necessary and sufficient conditions for Z{A) to be a 
driving point impedance of a network consisting of uniformly 
distributed RC elements may be summarized as 5 : 
All poles of Z(A) 
a) lie on the imaginary axis in the A-plane 
b) are simple 
c) have real, positive residues. 
If Z(A) is a driving point impedance, it may be 
expanded into 
k 







Circuits are available to synthesize each of the 
components in the expansion of Z(A). Investigation of 
the admittance formalism shows that if a uniformly 
distributed element is terminated in a short circuit 
then 
Z (s) = 
sc = Js~ tanh/Ts 
or 
Thus, a circuit as in Figure 4a may be considered as a 
A-plane inductor. 
10 
Investigation of the impedance formalism shows that 































Figure 4. Circuits for Realization of Z(A) 
11 




Thus, a circuit as in Figure 4b may be considered as a 
A-plane capacitor. 
The remaining terms are of the form 
2k.A 1 z. (A) 1 = 
1 A2+w.2 2 






These terms may be synthesized by a parallel combination 
of a A capacitor and a A inductor as depicted in Figure 4c. 
Various methods are available for extention of 
driving-point impedance synthesis techniques to methods 
of synthesizing voltage transfer functions. One of the 
most straightforward of these methods uses an operational 
amplifier as in Figure Sa from which 
1 





may be synthesized as driving-
Y2 
(tanh2 IS + 1) 








- -j_ j_ 
b) v2 (t.anh 2 Is + 1) - =-
vl (tanh 2 Is + 4) 
Figure 5. Synthesis of Voltage Transfer Functions 
of ). 
14 
Multiply the numerator and denominator by 
tanh/s 
to obtain 
(tanh2 /S + 1) 
tanh /S 
(tanh2 /s + 4 > 
tanh IS 
are driving point 
impedances. Therefore, the desired transfer function may 
be synthesized by the circuit of Figure Sb. 
B. P-Plane Synthesis 
The P=cosh ITs transformation of O'Shea can also be 
used to develop techniques for driving-point impedance 
synthesis which may be extended to transfer function 
synthesis. The desired impedance function of s is converted 
to a function of P by multiplying by ITs sinh ITs and 
replacing cosh ITs by P. 
Z(P) = ITs sinhiTs Z(s) 
Necessary and sufficient conditions for Z(P) to be a 
driving-point impedance function are that5 : 




Z (P) = 
K IT (P-z. ) i=l J. 
n 
IT (P-p.) j=l J 
then K > 0. 
c) The poles and zeros of Z(P) are simple, lie 
along the real axis of the P-plane, and are 
interlaced with each other. 
d) The most negative and most positive critical 
points are zeros. 
e) All the finite poles and zeros are less than 
or equal to one in magnitude. 
Thus Z(P) may be expressed as 
Z (P) = 
K(P-z 1 ) (P-z 2 ) ... (P-zn+l) 
(P-pl) (P-p2) ... (P-pn) 
where K > 0 and 
If Z(P) is expanded by partial fraction expansion then 
P 2-l 
all the residues are real, positive numbers. 
or 
Z {P} = 










h. {P+l} {P-1) 
{P-p.} 
J 
Each of the terms in Z{P) may be realized by uniformly 
16 
distributed RC networks. Consider the circuit of Figure 
6a. For this circuit 
then 
or 
i = il + i2 = {yll + Y12)Vl + {y21 + Y22)Vl a 
But 
yll = y22 = jsRC coth ITs 
yl2 = y = 21 jsRC csch ITs 






a) z = k 1 (P+l) z 
I+ + 






b) Z = k 2 (P-1) 
Circuits for Realization 
Z(P) = k 2 (P-l) 
of Z(P) = k 1 (P+l) and 
o I ;:J 
rJ 






z b) Z(P)=k2 (P-l) 
T r~ I 0 h.(P+l)(P-1) 
z c) z (P) = (P-p.) 
J 
Figure 7. Circuits for Realization of Z(P) 
18 
v1 
= -.- = J.. 
a 
________ 1_____ = 1 fR coth (ITs) 
rsc 2 ~sc 2 
2 ~~(cothiTs + csch/Ts) 
z1 (P) is given from 
;;:;:;-::- ~ 1-- ;- 1 ~ ITs vTs sinhvTs z1 (s) = RCs sinhvTs (:2~sc)coth(-2 -> 
R ITs ITs) coth ( ITs) = 2 (2sinh --2- cosh 2 2 
= R cosh2 (l~s) = ~ (coshiTs + 1) 
as 
Z l ( P) = ~ ( P+ 1) 
Thus the circuit of Figure 7a realizes the K1 (P+l) term 
of Z(P). 
For the circuit of Figure 6br 






zll = z22 = Js~ coth/Ts 
zl2 = z21 = Js~ cschiTs 
so 
v 
-.-- = ~1 2 Js~ (cothiTs - cschiTs) 
z2 {P) is given from 
ITs sinhiTs z2 (s) = IRCs sinhiTs (2Js~) (cothiTs-cschiTs) 
= 2R(cosh1Ts - 1) 
as 
z2 (P) = 2R(P-l) 
Thus, the circuit of Figure 7b realizes the K2 (P-l) term 
of z (P) • 
The remaining terms of Z(P) are of the form 






h. (P+l) (P-1) 
J 
1 
1 + ~~1 ____ _ 
2h. 2h. 
<r+i>. (P+l) <r::?;>. (P-1) 
J J 
thus, z. (P) is formed by the parallel combination of a 
J 
z1 (P) with a z2 (P) as shown in Figure 7c. 
20 
An operational amplifier may be used as in A-plane 









z1 (s) = 
z2 (s) = 
and 
IS (tanh2 1s+l) 
_ __...:t:;.:a::.;;n~h~/S.;:;:.s ____ = _ Y 1 
Is (tanh 2 IS + 4 > Y 2 
tanh Is 
1 tanh IS 
Is (tanh 2 IS+ 1) 
1 tanh IS 
Is 2;-(tanh s+4) 






(tanh21s + 1) (coshls) 
(cosh21s -1)coshls 
= 
(2 cosh2 IS - 1) 
~p--- = 1/4 + 1/4 






. 2 !-:"' ;-s~nh v$ cosh s 
21- 2 -sinh s+cosh Is 








(tanh 2 IS + 1) 









III. THE W-TRANSFORMATION 
Before considering the details of synthesis of 
transfer functions rational in W, the nature of the W 
transformation itself is investigated. The w = eiTs 
23 
transformation is a double-valued function of s; thus a 
point s in the complex s plane maps into two points in 
0 
the complex W plane, namely 
+ITS w1 = e o 
Since T is a positive number 
Moreover, since at s = 0, w1 = w2 = 1, the mapping of a 
function of s into the W plane will result in two adjoined 
segments. One of the segments lies outside the unit circle 
and the other segment lies inside the unit circle of the 
W plane. Figure 9 depicts the W mapping of s-plane radial 
lines extending from the origin and figure 10 depicts the 
W mapping of s-plane circles centered about the origin. 












































































































Figure 10. W Plane Mapping of s Plane 




s plane s 1 sheet s 2 sheet 
Figure 11. Introduction of a Branch Cut in the s Plane 
W plane 




In order to make the W mapping single-valued, a branch 
cut may be taken along the negative real axis of the s plane. 
This branch cut separates the single sheet of the s plane 
into two sheets s 1 and s 2 as in Figure 11. The region of 
instability in the s plane is that region to the right of 
the imaginary axis. Since the interior of the unit circle 
of the W plane has been found to be stable, the s 2 sheet 
does not need to be considered. The region of stability in 
the W plane is the region interior to the W mapping of the 
imaginary axis of the s 1 sheet. 
The plots of radial lines in the s plane for the 
special case of ~ = 90° and ~ = -90° (the reflection of 
the curve for ~ = +90° through the real axis) may be used 
to obtain the stability region in the W plane as in Figure 
12. The arrows indicate the direction that the mapping 
would move as the radial line in the s plane moves into 
the region of stability in the s plane. 
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IV. W-PLANE SYNTHESIS 
Consider the synthesis of a scalar transfer function. 
As mentioned in the introduction, the first step in the 
synthesis procedure is that of converting the desired 
input-output relationship to T{W), a transfer function 
rational in W such that Y{W) = T{W) U{W) where U{W) is 
the transformed input and Y{W) is the corresponding trans-
formed output. The second step is to obtain a block 
diagram consisting of the interconnection of gain blocks 
with W-plane integrators (blocks that have transfer func-
tions equal to 1/W). In the next section circuits are 
presented to realize the W-plane integrators. 
The degree of the numerator of T(W) is less than or 
equal to the degree of the denominator; therefore, a con-
stant may be removed if necessary to obtain a transfer 
function with a lower degree numerator than denominator. 
That is, 
T{W) = a + -~ n-1 w + c 1w + ••. + n-
where a and any of the b's and c's may be zero. The state-






where X = 
0 1 0 0 xl 0 
0 0 1 0 ••• 0 x2 0 
= + u 
-c -c -c X 1 0 1 n-1 n 
xl 








the state vector (the outputs of the n 
W-plane integrators). These equations are easily irnplemen-




••• I y 




V. REALIZATIONS OF THE 1/W BLOCK 
Two uniformly distributed RC elements connected as 
cascaded two-ports respond as an approximate W-plane inte-
grater if the output is taken between the elements. If the 
second element is open-circuited as in Figure 14a) then 






Letting c1;R1 = c 2 ;R2 and defining 9 1 = lsR1c 1 and 9 2 = 
lsR2c 2 gives 
T (s} = 
oc 







I Na I 
._ ____ .J 
r------., 
I R2 ,C2 I 




b) short-circuit realization 




T ( s) 
oc 
=e 1 (l+e 2 )[1+ oo n -2n(&l+&2) L (-1) e ] 
n=l 
The infinite series is an alternating series with 
terms whose magnitude decreases monotonically; thus, the 
series converges to a number whose magnitude is less 
than ,e - 2 (&1+9 2) I· Th f . f 0. >> 0. ( • 1 ere ore, 1 ~ 2 ~ 1 or equ1va en-
and 
le-2921 << 1, 
-9 
T (s) : e 1 = 1/W 
oc 
The error involved in the approximation will be discussed 
in detail. 
If the second element is short circuited as in 
Figure 14b) then v2 is related to v1 by 
cothlsR2c 2 
T ( s) 
sc 
sinh 9 2 
= s i nh ( 9 1 + 9 2 ) 
The infinite series expansion of T (s) 
sc 
-9 -29 00 
=e 1 (1-e 2 )[1+ 2: T (s) 
sc 
shows that for e2 sufficiently large 
-a 




If an isolation amplifier is added at the output, then 
K/W is realized with any loading problems eliminated and 
gain such that the coefficients of the block diagram may be 
scaled to convenient values. 
Considering the actual error involved, if the relative 
sinusoidal steady-state (s=jw) error is defined as 
. . desired-actual E (Jw) = relat1ve error = d · d r es1re 
then use of the expressions previously developed gives 
Eroc(jw) = 1 - e 






These expressions show that at infinite frequencies 
(w + 00 ) Eroc(jw) and Ersc(jw) are zero. At de (w = 0) 
Eroc(jw) is zero and, by use of L'Hospital's rule, Ersc(jw) 
is found to be 
E (O) = 
rsc 
Computer-calculated plots of IEroc(jw) I and IErsc(jw) I 
versus w are presented in Figures 15 and 16 for various 
2 
ratio's of time constants (9 2 = Ke 1 , T 2 = K T1 ). 
The procedure for finding T1 and T2 is to first 
choose T1 , considering the frequency content of the input, 
and then to find the lowest K (which will determine T2 ) 
such that the error specifications are met. The choice 
of open-circuit or short-circuit termination is dependent 
on the function that the circuit is to perform as illus-







0 .25 .50 .75 1.00 
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VI. EXAMPLES OF SYNTHESIS OF F(W) 
Example VI-1: 
a) Consider the following transfer function rational 
in W 
T(W) = 47.4 
w2 + l0.4w + 36 
which acts 7 as a low-pass filter with negligible attenua-
tion for frequencies below w = 10 rad/sec (where T = RC = 
1 was chosen). As outlined, T(W) may be implemented by 
either the circuit of Figure 17a) or of Figure 17b) where 
K = 6.9 is taken as the gain of the isolation amplifiers 
in the realizations of the W-plane integrators. 
b) Suppose it is desired to synthe·size a low-pass filter 
with negligible attenuation for frequencies below w = 
10 4 rad/sec. The frequency transformation w' = 10 3w 
determines T1 as 
T1 w• = Tw 
T1 (10 3 w) = (l)w 
-3 Tl = R1c 1 = 10 
Now, if the error due to the 1/W block is specified 
to be less than or equal to 6 per cent for all w, K 
may be determined to meet the specifications. If the short-
39 
+ u J----Y 
a) 
+ u ~-r------------- y 
b) 
Figure 17. Circuits for Example VI-1 
v 1 o--~•TCP, ll I 
Figure 18. Circuit for Example VI-2 
40 
circuit termination is used, K may be determined from 
= 
1 
< 0.06 1 + K 
or 
K = 16 
since the maximum error for the short-circuit termination 
is at w = 0. 
However, a lower K is acceptable if the open-circuit 
W-integrator is realized. From the error plot for Eroc(jw) 
K = 8 is determined to meet the specifications. 
the lower K gives 
T = K2T = 64(10- 3 ) = 0.064 2 1 
and picking c 1 = l0- 6 f gives 
R1c 1 = R1 (10- 6 ) = 10- 3 
R1 = 10 3 s-2 
or 
R2 Rl 10 3 
= = = 
c2 cl 10-6 
9 
R2C2 = (10 c 2 )c 2 
c2 = 8 x lo-6f 
R = 8 X 10 3 r2 2 
to complete the realization. 
10 9 
= T2 = 0.064 
Choosing 
41 
c) Suppose that the error is only specified to be less 
than or equal to 6 per cent for frequencies above 
w' = 103 rad/sec (w = 1). The error plots show that for 
frequencies above w = 1 the error decreases as w in-
creases. Thus, examination of the error at w = 1 will 
determine the smallest value of K that will satisfy the 
error criteria. The short-circuited W integrator produces 
the lowest value of K, K = 2. T2 is thus determined to be 
and picking c1 = 10-Gf gives 
Rl = 1o 3n 
R2 = 2 X 1o 3n 
c2 = 2 X 10-Gf 
to complete the realization. 
Transfer functions that are the ratio of a real 
rational numerator polynomial of W to an equal or higher 
degree real rational denominator polynomial of W may be 
synthesized directly by the methods outlined. Such a 
transfer function could also be synthesized by separating 
the part rational in P or A from the total transfer 
function. The part rational in P or A can then be syn-
thesized by P or A techniques and the resulting network 
cascaded with the network that results when the remainder 




v2 2 - -
- 1) (tanh Is + 1) (tanhls 
vl = 2 (tanh IS + 4) 
Then 
v2 [- (tanh2 /S + 1) ] [ - 2 - 1)] ,w -1 vl = (tanh2 15 + 4) w2+1 
= [T (P or A)] 
T(P or A) has been previously synthesized as an example 
of P or A synthesis; therefore, the desired transfer 
function is given by the circuit of Figure 18 where the 
fact has been used that ~ can be easily obtained by 
w 
multiplying the time constant of the first distributed 
element in the 1/W block by K2 . 
The ~ block and W-plane synthesis techniques out-
lined provide a means for simulating the solution of cer-
tain partial differential equations such as the following 8 . 
Example VI-3: 
Find the temperature v for t > 0 at a point X in a 
0 
semi-infinite solid, X> 0, under the condition of linear 
flow. The boundary X = 0 is kept at a constant temperature 
v 0 and the initial temperature of the solid is zero. 





= K ---2 , X > 0, t > 0 
ax 
v = v , when X = 0, t > 0 
0 
v = 0, when X > 0, t = 0 






s' when X = 0 
with a solution which remains finite when X 4 oo 
solution is 







Thus if a 1/W block is excited with a step of magnitude 
v 0 then the output is the time record of the temperature 
at X0 • 
44 
VII. SYNTHESIS OF FUNCTIONS OF W AND 9 
The transfer functions of networks containing only 
finite length uniformly distributed RC elements are 
rational functions of P or A and therefore are rational 
in W. However, the addition of lumped elements to the 
network produces terms that are not rational in W. If 
the transformation 9 = IS is introduced then the imrnitance 
parameters of the distributed elements are rational in 
Wand 9. Moreover, if the lumped elements are restricted 
to be resistors and capacitors, then the immitances of 
the lumped elements are rational functions of 9 (since 
they are rational ins= 9 2 ). Since each of the elements 
in the network have immitance parameters rational in W 
and 9, the transfer functions are also rational in W and 
9. For example, consider the network in Figure 19 con-
sisting of a single distributed element with RC termina-
ting admittances Y1 , Y2 , and Y3 • Figure 20 shows an 
equivalent network from which the overall admittance 
parameters may be calculated. 







and network B has Y parameters Y8 • 
Figure 19. Terminated Uniformly Distributed 
RC Element 
+ + 
.._ _________ J 
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Figure 20. Equivalent Network for a Terminated 
Uniformly Distributed RC Element 
-Y 2 
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Therefore, since networks A and B are connected in parallel, 
the overall admittance parameters are YT 
If the output is terminated is a one ohm resistance then 
= 
or 
V2 2KW9 + Y2 (w2-l) 
= 
Vl K9(W2+l)+(Y 2+Y 3 ) (W2 -l)+W2-l 
which is a specific example of the general form 
T(W,s,a) = 
a 1 (s)8 1 (W)9 + a 2 {s)8 2 (W) 
a(s)8(W)9 + a 3 (s)B 3 (W) 
The purpose of this example is to provide motivation for 
considering the synthesis of T(Wis,9) for any set of 
a. 1 B. 1 i = 112 1 3 such that 1 1 
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a. (s) 
~ i 1,2,3 a.(s) = 
and 
si <w> 
i 1,2,3 S (W) = 
may be synthesized. The network of Figure 21 has the 
desired transfer function where the 1/9 block is realized 
in the ne~t section. 
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+ 
Figure 21. Network for Synthesis of 
T(W,S,e) 
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VIII. REALIZATIONS OF THE 1/9 BLOCK 
The network of Figure 22a) acts as a ~ block since 
and 
1 
= --y = Js~ cothiTs 
= N tanh/Ts 
Therefore 




= - tanh e 
vl 
can be synthesized from 
v2 2 
- (W -1) 
= 
vl w2 +1 
by the circuit of Figure 
v2 vl v2 


















= ~ coth e 
= -tanh e 
Figure 22. Circuits for Realization of ~ 
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Note that while the distributed capacitor is not grounded 
it is at the potential of the input to the operational 
amplifier which is virtually zero. 
An alternate realization in which the distributed 
capacitor is at ac ground is given in Figure 23a). A 
field-effect transistor is used to obtain a current pro-
















shows a circuit 
1 
coth& -1 -
K2 = K2 
vl v2 1 




The gain of the output amplifier can be selected other 



















vl = - K2 coth a 
Circuits for Realization of 1 With 
the Distributed Element Groftnded 
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W9 + s 
(W+l) s9+1 
w 1 1 
<w+ 1 > < s > 9 + < w+ 1 > 
1 1 9 + <5> <w+l> 
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w 1 1 Then, since W+l' W+l' and s are easily synthesized, the 
desired voltage transfer function may be obtained as in 
Figure 24a) or b). 
The ~ blocks may be used with ~ blocks to simulate 
the solution of a larger class of partial differential 
equations as in the example that follows. 
Example IX-2: 
Find the temperature v for t > 0 at a point X in a 
0 
semi-infinite solid under the condition of radiation at 
x = 0 into the solid at initial temperature v 0 • The 





Figure 24. Circuits of Example IX-1 
Figure 25. Circuit of Example IX-2 
av 
at X > 0, t > 0 
v = v , when t = 0, X > 0 
0 
av 
- dX + hV = 0, When X= 0 1 t > 0 




sv = -v o' 
X > 0 
v 
dv 





0 v = 
s 













Thus, if a step of magnitude v is applied to the circuit 
0 
of Figure 25 then the output is the desired time record 
of the temperature at X0 • 
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X. STABILITY OF ACTIVE LUMPED-DISTRIBUTED NETWORKS 
Suppose a given transfer function has been synthesized. 
The question of stability for the resulting network is not 
as easily answered if the transfer function is rational in 
w and e as it is for functions of a single variable. Sta-
bility of functions of a single variable such as W or s 
can be ascertained by investigating the locus of permiss-
ilile roots of the characteristic equation in a single plane. 
However, since a single W-plane pole maps into an infinite 
sequence of poles in the e plane, investigation of sta-
bility for functions of W and e is generally difficult. A 
multiple plane root locus method has been devised9 to 
determine stability of functions of the form 
F(W,9) 
F 1 (W,6) 
= F 2 (W,6) + F 3 (W,9) 
in which 
where the AK are real constants, the GK are polynomials 
of e of degree mK, and the HK are polynomials of W of 
degree nK such that m2 ~ m3 , n 2 ~ n 3 , m1 ~ m3 , and 
nl ~ n3. 
The poles of F(W,e) occur where 
that is where 
Stability of F(W,&) can be determined by plotting the 
root locus of G2H2/G3H3 in the e plane and finding the 
points on the root locus where 
= 
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If all of these pole locations are in the region of sta-
bility of the 9 plane, then F(W,&) is stable. 
The root locus in the W plane is mostly easily found 
by first plotting the poles and zeros of G2/G3 in the 9 
plane and the poles and zeros of H2 /H3 in the W plane. 
The angular condition for a point being on the root locus 
is 
= , n = 0,1,2, ... 
With G2/G3 plotted separately from H2/H3 the angular con-
dition may be decomposed into two parts. That is, 
arg 
G H 
= arg (~) + arg (_£) 
G3 H3 
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The angle, arg G2/G 3 , may be measured graphically in the 
e plane while the angle, arg H2/H3 , may be measured graphi-
cally in the W plane. Therefore, stability can be deter-
mined without considering either an infinite number of 
poles in the e plane or an infinite number of sheets of 
the W plane. 
Consider the following example of the determination 
of stability of transfer functions of W and e. For the 
circuit of Figure 26 
-2KW9 + 
since the circuit of Figure 26 is that of figure 19 with 
yl = 0 
y2 = -G 1 
y3 = -G 2 












The plots of poles and zeros in the W and 9 planes are 
shown in Figures 27a) and 27b). 
Since a point w1 in the W plane maps into a sequence 
of points in the 9 plane described by 
9 = ln w1 
K = 0,1,2, ... 
a point on the unit circle of the W plane maps into an 
infinite sequence of points on the imaginary axis of 
the 9 plane. Therefore, if the poles and zeros in the 
W-plane are mapped into the 9 plane then the total 
pole-zero plot is that of Figure 28. Note that there 





9 + 0 
2 Lim 






Consider the root locus for A > 0. The positive 
real axis of the 9 plane maps into that portion of the 
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Figure 28. Pole-Zero Plotsin the a Plane Only 
positive real axis of the W plane that is exterior to 
the unit circle. Therefore, the positive real axis of 
the 9 plane is on the root locus since 
arg 
and from Figure 29a) 
arg (-a + a) - (0 + 0) = 0 
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The negative real axis of the 9 plane maps into that 
portion of the positive real axis of the W plane that is 
interior to the unit circle. Therefore, the negative real 
axis of the 9 plane is on the root locus since 
arg = 7f 
and from Figure 29b) 
arg 
H 
(_£) = (-a + a) - (0 + 1r) = -7f 
H3 
To determine which points on the positive half of the 
imaginary 9-axis are on the root locus, note that 
G2 7f 
arg (G3) = + 2 
and from Figure 30 
arg 
a) b) 
Figure 29. Figure for Determination of 




Figure 30. Figure for Determination 
of Arg (H 2/H 3 ) 
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=-(a+ ~) TT = - 2 
Thus, points on the unit circle of thew plane are 
on the root locus of H2/H3 if 0 2 ~ 2 ~ . Similarly a 
point on the unit circle is on the root locus of 
H2 /H 3 if rr < ~ ~ 3; . Then the root locus of G2H2 /G 3H3 
is given by Figure 31. 
The region of stability in the 9 plane is that 
region to the left of the + 45° radial lines from the 
origin; therefore, the transfer function is stable for 
where 
Lim 
9-+0 = IRC 
Similar techniques for A < 0 gives the root locus 
of Figure 32 which is everywhere stable. Thus, the cir-









The procedures presented may be used to synthesize 
any transfer functional rational in W = elsRC such that 
the numerator is of a degree less than or equal to the 
degree of the denominator. Transfer functions of this 
form occur, for example, in distributed filter design 
and in simulations of various heat transfer and diffusion 
equations. In addition, the W-plane integrator directly 
provides a means of realizing a distributed-lag element. 
The techniques also apply to transfer functions 
rational in W and 9 such that the W and 9 dependence can 
be separated and each part synthesized by state variable 
techniques. The material is applicable to distributed 
filter design and to the solution of a large class of 
physical problems defined by partial differential equations 
of the parabolic class. 
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A. w Mapping of s Plane Radial Lines 
Consider a mapping of the family of radial lines 
from the origin of the s plane into the W = e 15 plane 
by way of the 9 = IS plane. 
A radial line in the s plane may be described as 
s = 
where 
0 < r < oo 
0 < f) < 27T 
The mapping of this line for a particular ~ into 
the 9 plane gives 
= + lr (cos g + j sin fl) 2 
which is a radial line in the 9 plane. Since 
e W = e 
= e +/r(cosfl/2 + j sin$1/2) 
= e 
+lr cos~/2 +j rr sin$1/2 
e-
72 
for a given f1 and r {a single point in the s plane) two 
points are described in the W plane: 
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wl = err cosfl/2 [cos err sin ~) + j sin(lr sin ~)] 
w2 = e-lr cosfl/2 [cos(/r sin~) - j sin(lr sin~)] 
Thus, a radial line in the s plane is shown to map into an 
exponential spiral in the W plane. 
A computer program follows that computes points of 
the above mapping for radial lines in the s plane 
separated by ten degrees. First, the proper r was calcu-
lated to give a specific angle a in the W plane from 
rr sin fl = a 2 
For ten degree spacing 






2 18 sin 
K = 1,2, ••• ,36 
Note that ~ = 0° and ~ = 180° are degenerate cases of the 
exponential spiral. For fl = 0° 




thus, the positive real s-plane axis maps into the positive 
real W-plane axis. For ~ = 180° 
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s = -r 
e = rs = + j/r 
W = e+j/r = coslr + j sinv'r 
thus, the negative real s-plane axis maps into the unit 





PROGRAM TO INVESTIGATE THE W-PLANE MAPPINGS OF RADIAL 
LINES IN S-PLANE 
WRITE(3,250) 
WRITE(3,700) 
















GO TO 200 
150 WRITE(3,550) 
WRITE(3 1 600) 
200 CONTINUE 
WRITE ( 3 I 6 50 ) 
WRITE(3,700) 
WRITE(3,500) 
250 FORMAT( 1 1PHI= 0.00 1 //) 
300 FORMAT( 1 1PHI= 1 F7.2//} 
400 FORMAT (I ANGLE= I ,F7. 2 I sx, I W1= I I E14. 7 I 15X I I ANGLE= I , 
F 8. 2 I 5X, I W2= I I 1E14. 7) 
500 FORMAT ( I 1 I ) 
550 FORMAT( 1 1PHI= 180.00 1 //) 
600 FORMAT(' SEE NOTES FOR W-PLANE MAPPING OF THE 
NEGATIVE REAL S-AXIS 1') 
650 FORMAT('1PHI= 360.00'//) 
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700 FORMAT(' SEE NOTES FOR W-PLANE MAPPING OF THE POSITIVE 




B. W Mapping of s Plane Circles 
Consider a mapping of the family of circles in the 
IS s plane centered about the origin into the W : e plane 
by way of the 8 = IS plane. A circle in the s plane may 




r = a constant 
0 
0 < fO < 2n 
.g_ 
8 + rr- ]2 = e 0 
fO 
= + ;r (cos + j sin [) 0 2 - 2 
w 8 e 
+lr cos! +jlr sinfO - 0 2 
; e- 0 2 e 
''¥ 
; M eJ 
where 
cos[ +lr 
M 0 2 = e 







+ . -1 s~n 
{1 = 




+ lr cos~ = + /r -'¥ 2 
0 2 0 
M = e 
A computer program follows that computes points of 
the above mapping. 
c 
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C PROGRAM TO INVESTIGATE THE W-PLANE MAPPINGS OF CIRCLES 
C ABOUT THE ORIGIN OF THE S-PLANE 
c 
WRITE(3,550) 


















400 FORMAT('lRO=' ,F7.2//) 
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500 FORMAT (I ANGLE= I ,F7. 2 I lOX, I Xl= I ,El4. 7 I lOX' I X2= I ,El4. 7) 
550 FORMAT('lRO= 0.00' ,//,'SEE NOTES FOR W-PLANE MAPPING 
OF THE S-PLANE ORIGIN') 
WRITE(3,600) 
600 FORMAT( I 1') 
STOP 
END 
